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The study of secondary product operations has played an important role in
algebraic topology. Among examples of such operations are the toral construction
of Toda [9] and the secondary product of Massey [4]. The first of these has always
been defined topologically while the second has been defined algebraically. This
difference has been carried over to higher order products where higher Toda
brackets have been studied by Gershenson [1]; and higher Massey products, by
Kraines [3]. Even in Spanier’s general setting [7] Toda brackets are defined in a
topological category and Massey products in an algebraic category.

Massey products may, however, be defined in homotopy terms by means of a
spectrum. In this paper we present a unified study of higher product operations in
homotopy theory. This gives higher Massey products and higher Toda brackets
as examples of the same general construction. It also extends the notion of Massey
product to extraordinary cohomology theories with associative products.

A similar construction is given for the commutator product in a loop space
and higher commutator products are defined. It is shown that these are related
to the generalized higher order Whitehead products defined in [5].

Given a set of based topological spaces, {R;};c;, we say an associative pairing,
p: Rix R;— R;; (R;=R, some k €J), is a product if u(x, ¥)=u(*, y)==*, where *
is used ambiguously to denote the respective basepoints.

Such a product induces an external product

[X, RIx[Y, Rj]—[Xx Y, Ryl
and an internal product
[X, RIx[X, R;]1— [X, Ryl

where [X, Y] is the set of based homotopy classes of maps X — Y.

For homotopy classes «; € [X, R], a3 € [ X3, R,], and o3 € [ X3, R,] a secondary
external product {o;, g, g} € [A (X1, Xo, X3), QRij] is defined whenever the
external products «;a, and «ya; are zero. (/\ =smash product, Q=1oop space).

If X, = X,=X3=X and the internal products «;a, and «,c; are zero, a secondary
internal product <ay, oy, ag) € [X, QR ] is defined.
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316 G. J. PORTER [April

More generally an (n—1)ary external product

{“1, ooy an} € [A (XI’ ey Xn), Qn_ZR(il, .oy in)]

and an (n— l)ary internal product
og, ..., 05y € [X, Q"7 2R(i1, . . ., in)]

are defined whenever certain lower order products vanish.

The external products are generalizations of the secondary products in stable
homotopy and the internal products are generalizations of the higher Massey
products.

The construction is by means of a universal example and the same construction
defines both products. We begin in §1 by giving some definitions and-notation.
The higher products are then defined in §2.

The properties of the higher products are studied in §3. It is shown that they are
natural on the left with respect to any map (Theorem 3.1) and natural on the right
with respect to morphisms of ringed sets (Theorem 3.2). If [R;, R;] is a group,
multiplication by an integer can be defined. It is shown that the products are
linear with respect to this multiplication (Corollary 3.4). An associativity relation
between higher products is stated and proven in Theorem 3.7. This relation enables
us to view higher products as operations derived from higher associativity and to
compute the ambiguity introduced in the last step of the construction (Theorem
3.9.). It is well known that cup products are zero in suspensions. Similarly the
higher internal products vanish on suspensions (Theorem 3.10). From this it
follows that the higher internal products are annihilated by loop suspension
(Corollary 3.12). External products, on the other hand, are of great interest in
suspensions. In Theorem 3.14 we show that the external products commute
with suspension in an appropriate sense. Finally a relationship between the primary
product and the higher product is given in Theorem 3.16.

As a particular application of our construction we are able to define Massey
products in any cohomology theory arising from an associative ringed spectrum.
In §4 we define “cochains” for such a theory. Roughly speaking, cochains corre-
spond to null-homotopies. If 4 is a null-homotopy of f, the coboundary & is defined
by 8h=f. Thus cocycles correspond to null-homotopies of the constant map, i.e.
loops. Using these ideas we show that formally our definitions coincide with the
definition of higher Massey products given in [3].

The construction given in §2 requires strict associativity of the product. If the
pairing is only homotopy associative, the analogue of Stasheff’s 4, forms [8] are
required. We study this problem in §5 and indicate how to define n-fold products
given a ringed set with 4, forms.

Finally, in §6 we consider the commutator product in a loop space. In this case
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the products are nonassociative but do satisfy a Jacobi identity. A construction
similar to the one made in §2 is given and higher commutator products are defined.
Again there are internal and external products. The external product is a generaliza-
tion of the Samelson product and is adjoint to the generalized Whitehead product
defined in [5]. Four definitions are given of higher commutivity of a loop space,
QX. If X is an H-space these all agree; however, in general the precise relationship
between these definitions is unknown.

1. Preliminaries. We assume throughout that all spaces have base points,
denoted #, and all maps are continuous and base point preserving. The set of maps
f: X — Y will be denoted by {X, Y} and the set of homotopy classes of maps
X — Y will be denoted [X, Y.

The cartesian product, X x Y, is defined as usual. X v Y is the subset of Xx Y
with at least one coordinate at a base point. The smash product

A (X, Y) = (Xx Y)[(XV Y).

The iterated smash A (X, ..., X,) is defined inductively to be

/\ (/\ (Xla RS ] Xn—l)a Xn)

We note that any other grouping, e.g. A (A (X1,.. o, X))o A (Xji1s---r X)),
is homeomorphic to A (X, ..., X3).

DEFINITION 1.1. We say that Z={R;, u};c; is a ringed set of topological spaces
if each R; is a topological space with base point and for certain distinguished pairs
(i, ))eJxJ, p: RixR; — R, (some keJ) is a continuous map which sends
R,V R; to *.

In general we shall write R(i, ) for the range of the multiplication on R;x R,.
Assume inductively that we have defined “distinguished k-tuple” for k<n—1.
We say an n-tuple, (R;,, . . ., R,,), is distinguished if the (n—1)-tuples, (R;,, .. ., R;, _,)
and (Ry,..., R;,), are distinguished and the pairs, (R(jy,...,Jj,-1), R;) and
(Ryy> R(jo, - - -, Jn)), are distinguished. If (R, ..., R;,) is a distinguished n-tuple we
insist that all possible iterated multiplications have R(ji, ..., j,) as their common
range.

DEerINITION 1.2. £ is said to be associative if the following diagram commutes
for all distinguished 3-tuples (i, j, k) and homotopy associative if the diagram
homotopy commutes.

p.><1
R{XijRkﬁR(i,j)ka

Ixp p
Rox R(j, k) —-—> RG, 5, k)
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EXAMPLES. 1. Z2={S?, u}pez+, all pairs are distinguished, and p: S” x §¢ — S?*4
is the quotient map. This pairing yields the stable Toda product.

2. #=F({X}ic;), the free ringed set generated by {Xj}ics, is {X(it,...,10n)
=A (Xi, ..., Xi,)} all pairs are distinguished and p is the quotient map.

3. #={K(m, m), u} where K(m, m) is an Eilenberg-MacLane space, = a com-
mutative ring with 1. (K(w, m), K(', n)) is distinguished if there is a pairing
m Q@ 7 — =" for some =”. Then u: K(w, m)x K(#', n) — K(=", m+n) is the cup
product. In general x may not be strictly associative, however a model may be
chosen for K(w, n) and p such that p is associative. If u is only homotopy associative
then for all n there exist 4, forms for w. (See §5 for definitions of 4, forms.) This
pairing yields the classical Massey product.

4. R={XY} where XY is the space of continuous base point preserving maps,
Y — X, with the compact open topology. A pair (B4, D°) is distinguished if C=B
and, in this case, u: B4 x D? — D* is composition. This pairing gives rise to the
classical Toda bracket.

5. Given a ringed set # define QZ to be the set consisting of Q’R,, for j=0
and R,, € #. The pairing g: Q'R x Q*R, — Q/**R(m, n) is given by

(X1, X))ty - o5 Lipw) = pxa(ty, oo s 1), Xa(ts1s - - o5 Lik)

where x, € Q'R,,, x, € QR, and (for this definition only) we consider Q'R,, as
the set of base point preserving maps (I, I’) — (R, *) and p is the pairing given
in #. Clearly QZ is a ringed set. (QZ)* is the ringed set consisting of Q'R,, for
j=k and g as above.

6. Given a ringed set Z define X% to be the set consisting of X’R,, for j=0
and R,, € #. The pairing g: 'R, x Z¥R, — 27 *¥R(m, n) is the composite

SR, x TR, — A (Z'Ry, Z¥R,) — T3+ A (Rn, R,) — ZI**¥R(m, n)

where the last map is induced by the pairing in Z£. Clearly X2 is a ringed set.
(Z2)* is the ringed set consisting of Z’R,, for j=k and & as above.

7. For any ringed set £ there is an associated ringed set \/ # of matrices of Z.
The elements of \/ # are mn-fold wedges of spaces in Z. We denote

V R

1=isSm;1=jsn

by {Ristm.n- A Dair, {Rihm,ns {Ri}p.o), is distinguished if
@) p=n,
(b) (Ry;, Rj) is distinguished in £ for all i, j, k,
(¢) p: Ryx Rj,— Rj forall i, j, k.
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Define a: {Ri}m,n X {Rij}n.o = {Rij}m.p» if the pair is distinguished, by

a(x, y) = p(x, y) € Rj, if (x,y) € R;;x R}, for some i, j, k,
= x otherwise.

It is easily seen that this is well defined and \/ £ is an associative ringed set if u
is associative. The matrix Toda bracket in stable homotopy defined by J. M. Cohen
[11] arises from this pairing.

8. Let # be a ringed set in which each R, eZ is an H-space with sum
o;: Ryx Ry — R;. The product pu: R;x R; — R(i, j) is said to be distributive with
respect to o; if

:U’(ai(x’ y)’ Z)) = aif(:u'(x’ 2), w(y, Z)) and /‘*(x, Uj(y’ Z)) = oif(,“'(x’ y)9 p(x, Z))/‘

The set 112 of matrices is defined to be the set of mn-fold products of elements
of Z. Denote [ [1<im: 15i=n Rij BY [Rijln,»- A pair, ([Ri;1m.»» [Ri;15.0), is distinguished
if it satisfies conditions (a), (b), and (c) of the preceding example. Let (a;)": (R))" — R;
be some n-fold iteration of ¢;. On distinguished pairs the product

it [Rilmn X [Risknp = [Rij1mp

is defined to be the composite

[TRsx]]Ra— J] RyxRe— ] [[Re—]] R

1,7 K, i,9,k i,k i i,k
where the first map is the product of projections, the second map is induced by the
product p in # and the third map is the product of n-fold summations. It is easily
seen that a(x, *)=j(x, y)==x. If (u, ¢;) is distributive, o, is associative and abelian,
and p is associative then @ is associative. If Z is the ringed set described in Example
3, the products arising from IIZ are the matric Massey products studied by J. P.
May [12].

9. If G is a topological group or an associative H-space then the product
u: Gx G — Gisnota product in our sense since u(*, 1) ~ 1. This operation should
more properly be called a sum. However the commutator product is a product in
our sense but it is not associative. (Higher commutator products are studied in §6.)

Let I™ denote the cartesian product of the unit interval with itself » times. The
boundary of I" is denoted by I*. U< " and L*< I" are defined by

Ur ={(t,...,t,) | t; = 1 for some i},

L ={(ts,..., t,) | t, = O for some i}
U™ is the set of upper faces and L™ the set of lower faces. Obviously Ut~ Lrx "1,
The path space of X is denoted by PX and the loop space by QX. We take as our
model for PQ*~1X the set of maps, f: (I", L") — (X, *); Q"X is the set of maps

f: (I**1, L*+1) — (X, *). Each of these sets is given the compact open topology
and the constant map is chosen as base point.
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Let f: A— PQ""1X. For 1<i<n we define f': 4 — PQ"~2X by restriction to
the ith upper face, i.e.

f‘(a)(tl’ L] tn—l) = f(a)(tl, L ] t!—l’ 13 ti’ ey tn—l)'
Similarly if f: 4 — Q"X, for 1 <i<n+1 we define f*: 4 — PQ"~1X by

fla)ty, ... t) = fla)ty, ..., ti_1, 1, by ooy 1),

We say g1,. .., 8ns1 €{4, PQ""1X} are compatible if (g;)'=(g;)’~* for i<j. In
this case we define

n+
G= > (~D'*ige{d, oX}

=1

[

-

by setting
G(a)(tla B ti-l) 19 ti+1, ooy tn+1) = gt(a)(tl’ RS ] tt-la ti+1a R ] tn+1)

and G(a)|L"**=x. The compatibility conditions ensure that G is well defined.
This is addition in the sense of the homotopy addition theorem.
If (R, R,) is distinguished the product pairing induces the following pairings

{X, PQ/~ R} x{X, PQ*~1R,} — {X, PQ!*¥~1R(m, n)},
{X, PQY"1R,} x{X, Ry} —{X, PQY"'R(m, n)},
{X, R} x{X, PQ 1R} — {X, PQ!~*R(m, n)}.

This is given in the first case by setting

(f'g)(x)(tla ey t}'+k) = 02(ms n)(f(x)(tb teey t!)’ g(x)(t!+1, sy t!+k))

and in the other cases by similar formulae. If (¢, ..., #,,,) € L?** then either
(t1s...,t) €L’ or (t;41, ..., t;4+) € L¥. In either case (f*g)(x)(t1, - - ., tj+)=* and
f-g lies in the desired set. These products correspond to the definition of cup
product on the cochain level. (For details see §4.)

2. Construction of the higher products—Associative case. The n-fold universal
product is defined in a universal example. The construction of the universal ex-
ample is conceptually easy; however, there are many definitions to be made and
details to be checked(®). The universal example corresponding to the distinguished
n-tuple (Ry,, ..., R;,), is denoted E,(ji,...,J,). To define this we make use of
intermediate spaces E(jy, . . ., /J), 2<i<n, which may be thought of as universal
examples for i-fold products in »n variables. In particular, Ey(ji,...,J,) is
R, x---XR,,.

The n-fold product is an (n—1)ary operation on »n variables. In this notation
two-fold products are the usual products in the ringed set # and the product

(?) We strongly urge the reader to follow the details by considering the case n=4.
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R;x R, — R(j, k) is denoted by 0,(j, k). En(j1,...,jn) is the fibre space induced
from the canonical path fibrations as follows:

Ei(us - -5 Jn)

2
tl:'! on—l(jb .. 'ajn+i—2) 2
En—-l(jh . -’jn) I_I Qn-aR(jb- . -,jn+£-2)

i=1

3 . .
’I:{ 9»—2(]” .. "jn+i—3)
En—2(j1’ .. -sjn)

3
1_[ Qn-4R(jb- . "jn+i-3)
i=1

v
: n_2 . . .
| E 53(15,]”1,]“-2) n-2
Ea(jn .. ~’jn) QR(jhji+19jl+2)
i=1
n-1
‘[ g02(ji’ j1+1) n-1
Ex(js - -2 Jn) [ T RGuji+2)
i=1
FIGURE 1

where 0,(ji, . .., ji+x-1) is the composite of a canonical projection, Ei(j1, . . ., Jjn)
— E,(jis - - +» Jes+1-1) and the k-fold product in the universal example,

Ek(ji’ .. ‘sjk+l—1)'

We now make this definition precise. Let Z be a ringed set. For all distinguished
m-tuples of spaces, (Ry,,..., R,,), mz2, we set E(ji,...,jm)=R;, X --- xR,
and 0,(j1, j2): Rj, X Ry, — R(jy, jz) equal to the product in #. Assume inductively
that for 2<k <n and m =k we have defined E,(ji, ..., j.) and

ok(jl, .. djk): Ek(jh . -,jk) - Qk-2R(j1’ . wjk)
such that

(@) if 1=s=<m, and k—1=t=<m—s there exists a projection
q.;‘,t: Ek(jl’ .. -,jm) - Ek(jsa . -,js+t)

such that the following diagram commutes for sSr<r+k—1=s+¢.

k
Ek(jb .. -’jm) _ﬂ'—’ Ek(js’ .. -)js-H)

e
g% -1 lq7-3+1.k-1

Ek(jn . -)jr+k—1)
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(b) E.(ji,...,Jm) is the fibration induced from the path fibration over
[TrA*2 Q% 3R(j, - - -» Ji+re-2) bY

m-k+2 m—k+2
Ok 1G> - - > Jier-2)qbic 22t Ex_1(J1s - - o5 Jim) = l—I Q¥ 3R(jiy -+ s Jiske-2)-
i=1 i=1

(c) Forlsisk—1and2=<k<n

(ok(jla .. -ajk))t = h(fla .. ~’ji)'h(ji+ 15 - -,jk)

where the product and face operations are as described in §1 and for ¢t > 0

hGis -+ o5 Jis)? Ex(ns - - 5 Ji) > PL ROy - - -, Jige)

is the composite of fibre space projections

E(j1, -2 J) = Ecca(ns - - 5 Ji) = -+ = Epy o, - - )

and the canonical projection
Et+2(j1a o wjk) '_>P‘Qt_1R(jb .. -’ji+t)

(by condition (b) E;, o< Eyy s x IIPQEIR(ji, . . -, jive)) and h(j)): Ex(js - - -5 j) = Ry,
is the composite

Ek(jl, .. -’jlc)"’> T _>E2(j1’ .. "jk) = th T XR/k_>Rh'

h(jis . - -, Ji+1) is the canonical null-homotopy in E.(jy,...,Jj,) of the (¢+1)-fold
product corresponding to Ry, ..., R, ,,.

DEFINITION 2.1. For mzn define E,(j;,...,j.) to be the fibre space induced
from the canonical path fibration by

m-n+2

Q2 Ey (oo sdm) = [ | Q" °RGisy - - s fign-2)

i=1
where
m-n+2

D2t = [ 6aciGi--sfin-2)qlala
i=1

The composite 8, _1(ji, - - -5 ji+n-2)qln 2 is the map denoted 0, _1(jis - - .5 jisn-2)
in Figure 1 above.

Thus E,(jy,...,jm) is the set of (m—n+3)-tuples (x,7y,..., Jn-ns2) Where
x€E,_1(jis-.-»jm) and n €PQ " 3R(ji,...,ji4n-2) is a null-homotopy of
On-1(jis - - > J1+n-2)q0n22(x). (We shall write 7(1)=0,_1(jis - - -» Jisn-2)qn22(%)
to denote this.)

For0<s<mand n—1=<t<m—s define

q?,t: En(jla .. ~9jm) - En(js, .. "js+t)
by

q;l,t(xa Mis e es "7m—n+2) = (q?.; l(x)a Mos+ o vs Natktons2)
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Using the inductive hypothesis on g?;* one readily verifies that g7, satisfies the
properties of (a) above. This completes the definition of E,(ji, . . ., ju).
DEFINITION 2.2. The n-fold universal product corresponding to R, ..., R,,

en(jb .. 'ajn): En(jls .. 'sjn) g Qn_zR(jla .. -9jn)

is defined by (0,(js, .. -5 /i)' =hU1, - - > J) BGis1s . ., ju) for i=1,...,n—1 and
on(jla . 'ajn)an=*'

The fact that this is well defined follows at once from condition (c). Clearly
condition (c) is true for n. This completes the definition of the universal higher
product.

DerFINITION 2.3. Given a map ¢: X — E,(jy, ..., j,) define M,(p), the n-fold
Massey product (internal product), to be (p)*[8,] € [X, Q" 2R(jy, . . ., j.)].

We say @: X — E,(j1, ..., /) is of type (f1,...,fn) if h(e~fi, i=1,...,n
or equivalently ¢ is a lifting of

A X oo X fy
X X"f1 / R,

1)(...ij"

where A is the diagonal and f;: X — R;,.
DEerINITION 2.4. The set of n-fold Massey products of type (f3, . . ., f,) is denoted
{f1s- -, fny and defined by

s ooos S = AMy@) | @2 X > Eo(ss - ., Ju) is of type (fi, ..., fo)}-

For “nice” spaces Z(X;x -+ x X))~V Z A (X,..., X,) where the sum is
taken over all 1 £i; <iy<--- <i;<n. Since

[Xix - o x X, QY] = [E(X; % - - x X,), Y]

it follows that [A (X3, ..., X,), QY]is a direct summand of [X, x --- x X, QY].
Let g be the projection onto this summand.

DEFINITION 2.5. Giveng: X; X -+ X X, — E,(js, . . ., J,) the n-fold Toda product
(external product)

Tn(‘P) € [/\ (le sy Xn)’ Qn—2R(j1’ .. -,jn)]

is defined to be g(p*[8,]).

The definition of {f;, . . ., f,} which would be analogous to Definition 2.4 makes
{f1, ..., fa} into too large a set, i.e. the indeterminacy of the construction is too
great. Thus we consider only those maps ¢: X; X -+ - x X, = E,(jy, . . ., j») Which
have the property that for each k-tuple (i, ..., i+k—1) with 2<k<n and 15i
=n—k+1 there is a map

QU .. i+k—1): Xix - X Xipgo1 = B 1(Jas - - s Jin)
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such that the following diagram commutes.

P . .
XIX"'XX,, En(]l:w-,]n)

l

X;x"‘XIYH-k-l h(ju--~9ji+k-1)

lgo(i, e itk—1)

Eii1(jis - - s Jn) ————> PQ*2R(ji, . . .5 fisic-1)

where the unlabeled arrows are canonical projections. We call such maps special.
A map ¢: X; % -+ x X, — E,(ji,...,J.) is said to be of type (f1,...,fn) if ¢
is a lifting of

fixeooxfri Xix oo x X, —> Ry x--- xRy,

DEFINITION 2.6. The set of n-fold Toda products of type (f3,. .., fn) is denoted
{f1,...,fa} and is defined by

{fl, .. sf;t} = {Tn(‘}’) I P Xl XX Xn_>En(jls .. -9jn) is SpeCEa] Oftype(fb .. -’fn)}'

All of the properties of {f1, . . ., f,} except Theorem 3.9 are true whether or not
special maps are used.
If the external product is defined so is the internal and we have:

PROPOSITION 2.7. A¥{fy, ..., fi}<={f1,...,fny where A: X — X" is the diagonal
map.

The Massey product may, however, be defined without the Toda product being
defined. Such, for example, is the case in singular cohomology.

Finally we remark that for n>2,{f1, ..., f,} and {f3, . .., f,> may be the empty
set.

3. Properties of the higher products. In this section we study the properties of
the products defined in §2. We note that M,(¢) and T,(¢) are well defined elements
of the appropriate homotopy groups while (fi, . .., f,> and {f}, . o f»} are subsets
of these groups. Thus for properties of M,(¢) and T,(p) in which we use “="
we must in general use “<” for {fi,...,f,> and {f1, ..., fu}-

THEOREM 3.1 (NATURALITY). Let f: X — Y and

(@) let : Y — Ey(jy, - - -5 Jn) then f*M(p)= M (¢f).

(b) Let y;: Y— Ry, 1Sisn then f*y1, ..., y><Vifs s VaS -
Let fi: X,—~ Y, 15i<nand

© leto: Yix---xY,— E(js,---5Jn) then

(/\ (fls .. -9fn))*Tn((P) = Tn(?’(fl Xoewe xf;l))
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(d) lety,: Y,— R,, 15i<n then

(/\ (f;la .. -afn))*{yb LI ',yn} < {yl.ﬁls .. -aynfn}

Proof. Clearly (b) follows from (a) and (d) follows from (c). To prove (a) we
have

F*M(9) = f*¢*[0,] = (‘Pf)*wﬂ] = M(¢f).

To prove (c) we note that the following diagram commutes.

e *
LY - Yoy @3RG o )] — L I e x Xy @3RGy -, ]
lq iq
A i )

[/\ (Yl’ DY) Y'l)’ Qn-zR(jl’ .. wjn)] % [/\ (Xla Y Xn), Qn—ﬂR(jl, . ',jﬂ)]

The proof of (c) is then immediate.

Let # and & be ringed sets. F: # — & is said to be a morphism of ringed sets
if F={f(j): R; — S; for j € J} such that the following diagram commutes for all
distinguished (i, j) € J x J.

RXR, J@) xf()

(3a) 10’2‘(1',1') lei(i,j)

THEOREM 3.2. Let F: # — & be a morphism of ringed sets and let 0% and 05 be
the n-fold universal products corresponding to R, ..., R;, and S,,, ..., S;, respec-
tively. Then there exists F,: EX(jy, . . ., j») = E5(j1, - - -, Ju) Which coversf;, x - - - xf;,
such that 05F,= Q" 2(f(jy, . . ., jn)) 0%

Proof. We shall define g, ,.: Ef(jy, .. ., Jn) = EZ(1> - - -» Jn), 25k =n, such that
the following diagram commutes.

S xS

, . 8n,n , ,
Er}tz(.lls . -9]1!) E— E;sl(.]b .. "]n)

|

(3b) Erf—l(jla . -ajn) —_— E;s;-—l(jl’ .. -9jn)
i !

l‘ f;lx...xf;n ¢

R x- xR, 8 x...xS,

1
We then set g, ,=F,. If n=2 (3b) holds trivially and the theorem is simply the

definition of a morphism of ringed sets. Assume inductively that g, , is defined
for m <n such that F,, =g, , satisfies the theorem. g, ; is defined to be f;, x - - - xf; .
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Assume inductively that g, ; is defined for 2<i<k and satisfies ¢! ,g, i =8:11..9}
where 1Ss<nandi—1=t=n—sandi<k.

Denote the maps, constructions, etc. related to £ by using super R and those
related to % by using super S.

Recall that

n—-k+2

B+ oo = { G s mame) S BEax [] PO RG iy
such that (1) = 0%_,(ji, . . .,j‘+,c_2)q,’f,;_12(x)}.
Define g, ;. by
&n k(6 M5 -+ s Mnkr2) = (Gak-1(X), 15+ - o5 Tn-ks2)
where 7,=PQ " 3(f(ji, . . ., Jisx-2))(m:)-
(1) = Q(f s - - s Jiwr-2DOF 105 - - o5 Jis e -2) gl 2o(x)

= 0310 - - - Jirk-2)8k-1.k-19 5 22(X)

= 08 1(is - - s Jivr-2) @0 2 2801~ 1(X)
by the inductive hypothesis. Thus

&t EEGus - - s Jn) = EZ(irs - - -5 Jn)-

This definition satisfies (3b) and the commutation formula with g¥,. We must
still show that g, ,=F, satisfies the theorem. Since F is a morphism of ringed sets,
for each ¢, 1 £¢t<n we have

(Qn_2f(j1’ .. -,jn)elni)t = PQn—S(f(jl, .. *?jn))(hk(jb .. -ajt)'hn(jt+1’ . ',jn))
= (PQ2(f(rs - - -, JR* (s - - 5 1)

(P 2(fea1s + « -5 J)HP(ew1s - + -5 n))
= (oftgn,n)t°

Thus the theorem is proven.

COROLLARY 3.3. Let F: # — & be a morphism of ringed sets
(a) Qs - da)afxns - oo Xa} < { %0, - - o5 frnXn}
(b) (Q (s - 5 Ja))alX1s -+ o5 Xn) © {fyy X, oo o5 frXn)
where x;: X; — R, in () and x;: X — R, in (b).

Remark. Homotopy commutativity of (3a) is not enough to ensure the existence
of F,. We may define higher degrees of homotopy morphisms for F which ensure
that Theorem 3.2 holds. Alternately we say that F is a homotopy morphism of
ringed sets of order n if there exists F, as above such that

ORF, ~ Q" 2f(j1,- . ., Jn)O5e
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If [Ry, R,] is a group for each R, € # we define k: R, — R;to be (Id+ - - - +1d)
(k times). We say Z is linear if the following diagram commutes for distinguished

@)

(30) l 0, 1 0,
k

R(, j) — R, J)
where the top map is either 1 xk or k x 1.

COROLLARY 3.4 (LINEARITY). If Z is linear then for each t, 1 <t=<n, there is a
map k: E.(j1, . . s Jn) = Eo(ji1s - - . Jn) Which covers

Ix:ooxkx - xl:Ryx---xRyx---XRy — Ry x---xR;x--- xRy,

and such that 6,k}=k@,.

Proof. By enlarging the ringed set £ to include many (differently named)
copies of each R, € # we may assume without loss of generality that (R;, R)) is
never distinguished. (It may of course be the case that for i#j, R;=R; and (R, R))
is distinguished.)

Define kt(jl, . 'ajn): R(jl, o wjn) - R(jls M "jn) by

ki(jis ..., Jn) = k if j; = j, for some s,
=1 otherwise.

Under the above restriction it is easily seen that £ is linear if and only if K,
={k(j1, ..., Jn)}: Z — Z is a morphism of ringed sets. The corollary then follows
from Theorem 3.2 by noting that Qk is again k times the appropriate identity.

COROLLARY 3.5. If Z is linear

@) let p: X1 % -+ x Xy —> E(ji, - - -, Jn) be of type (f1,..., 1), then (kP is of
type (f1s - - > kfy, - . ., 1) and To(kjp) =kT,(p);

®) {fis - Ky S L3RS fads

(©) let o: X— E,(ju,---,Jn) be of type (fi,...,f,) then (k})p is of type
(f1 -0 kf}’ . fy) and Mn(k?q’):an(‘P);

(VRGN 7 N i 3=) 2§ N A%

If X; is an H'-space (e.g. suspension) then kf; is defined for f;: X; — R;, and we
may once again discuss linearity. Here the situation is easier and no hypothesis
need be put on £. Since X; is an H'-space, A (Xy,..., X, ..., X,) is also an H'-
space under A (1,...,w,..., 1) where w is the comultiplication in X;. Thus
AN, ..., k,...,1) is k times the identity in A (X, ..., X;). The following is
then a consequence of 3.1(c).
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THEOREM 3.6. If ¢: Xy X -+ x X, — E,(jy, ..., Jn) is of type (f1,...,/n) then
e(Ix---xkx---x1)is of type (f1,..., kfss ..., [2) and

@) Tulp(1x -+ xkx - x1))=kT(p),

®) k{f1,.. s S <{frs- o kfis oo s Sub

(We omit the corresponding results on Massey products since we show below
that all Massey products vanish on suspensions.)

THEOREM 3.7 (ASSOCIATIVITY). In [E,_1(j1, .. s Jun)s " 3R(j1s . . .5 jn)]
on—l(jla . ',jn-l)'h(jn) = (—' 1)"+1h(j1)~ 0n—1(j2, .. -ajn)'

Proof. In the notation of §2 consider
n-2
Z (—I)H.Ih(jl’ .. -9jt)'h(jt+ls .. -,jn)'
t=2

This is a map from E,_,(ji, . . ., J.) to
{(In—l_ 1st and (n— l)St top faces), R(jl; .. s]n)}

This can be considered as a map E,_,(ji,...,Jn) = (Q"3R(jy, ..., )’ which
is the desired homotopy.

COROLLARY 3.8. If ¢: X — E,_1(j1, - . ., Ju) is of type (f1, ..., [n) then

@) fi- My 1(g372:9)=(=1)"**M,_1(q1 72 29) S,

(b) f1'<f2’ .. 9f;t> N (_ 1)n+1<f1, . "f;l-1>'f;| is nonempty.

Letp: Xyx - X Xy —E,_1(j1s - - -»Jn) be of type (f1, .. ., f») then

(c) the projections of fi-To-1(q3:1s9) and (—1)"*'T,_(q17229) fu into
A (X1, -5 X)), Q" 3R(jss - - -, Jn)] are equal.

@) filfos .- SO (DY, i) Sa s nonempty.

Proof. To see that () holds, one observes that the following diagram commutes.
All maps are projections into direct summands.

[Xl XX Xm Q"_:’R(jl’ .. -ajn)] _— [/\ (Xh ] Xn-l)x X,., Q"-aR(jl» .. -»jﬂ)]

l l

[Xl X /\ (XZ’ LR Xﬂ)y Qn_aR(jh [ '1jn)] —_—> [/\ (Xh RS Xn)’ Qn—aR(jly .. -ajn)]

The proofs are then all evident.

Hardie [2] has introduced the notion of a derived homotopy operation. Given a
relation involving an (n—1)ary homotopy operation, one obtains a derived nary
operation. In this language the secondary product is the operation derived from
the associativity relation. Theorem 3.7 gives a higher associativity relation involving
the (n—2)ary products. The (n—1)ary product 8, is then seen to be derived from
higher associativity. This relation enables us to calculate the “modulus” of the
construction at the last step.
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THEOREM 3.9. (a) Let ¢, _1: X — E,_1(j1, . . ., Ja) be a map of type (f1, ..., [ s)
which can be lifted to E,(jy, . . ., jn) then {M(®)|e lifts ¢,_1} is a coset of

fl' [X, Qn_zR(jm .. -ajn)]'l'[Xa Qn_zR(jl’ ve -sjn-l)]'fn'

() Let ¢,_1: X; %X X,—E,_1(j1,...,jn) be a special map of type
(f1s - - -».fn) which can be lifted to E,(jy, . . ., jx) then {T(®)|p lifts ¢,_1} is a coset of

f;l' [/\ (X2’ ceey Xn)’ Qn_zR(jm .. -’jn)]'l'[/\ (Xl’ cees Xn-1)9 Qn_zR(jh .. ~’jn—1)]'f;t
(where these products are projected into [\ (X1, ..., X,), Q" 2R(jy, . . -, ja)))

Proof. (a) The lifting of ¢, _; to E,(ji, . .., Jjn) is given by choosing null-homo-
topies of M,_,(q87ts9n-1) and M, _,(g2712¢,-1). Any two null-homotopies of
M, _1(q3+1 2. -y) differ by an element of [X, Q"~2R(jg, . . ., j,)] and each element
of this group can be expressed as the difference of two null-homotopies of
M, _ (9371 2pn-1). Similarly two null-homotopies of M, _,(q%L2¢,-1) differ by
an element of [X, Q"~2R(jy, ..., Jj.-1)]. Thus if ¢ and ¢ are liftings of ¢, _,

(9*[0,1— (¢)*[0a]) € /- [X, Q" 72R(jzs - . -, J)1+[X, Q*72R(jy, . - -, -1 S
(b) Because ¢ is special, the null-homotopies of
Tn-1(g87 apn-1) and T (g1t 2Pn-1)
are determined up to elements of
[Xox - - X Xpy Q"7 2R(j2y . . ., Jw)] and [XyX - X Xp_1, Q"7 2R(1y .« s Ju-1)]

respectively and the theorem follows as above.
If @ were not special the homotopies in (b) would vary over

[Xyx - xXp Q" 2R(jgy ..., ju)] and [Xyx -+ x Xy Q*"2R(j1y . oy jn-1)]

respectively and the cosets would be larger than above. This is the only property
of the higher Toda products which uses ““specialness ™.

One notes that the more general problem of determining the ‘“modulus” of
Sy e v s fw O {f1, ..., [n} is much more difficult.

THEOREM 3.10. Let ¢: 2X — E (1, . . ., Ja) then M,(p)=0.
Proof. We prove there exists o'~ ¢ such that 6,(jy, ..., j.)¢'==*. Let

¢ ZX — E(jy, .. vs Jn)

be such that g, lifts ¢,_; and @, =¢. If r=2, po~(f; X - - - xf,)A" for some maps
f1, ..., where A™ is the diagonal. Since ZX is a suspension A" can be factored
through ZXv - - - vZX (up to homotopy). Hence ¢, is homotopic to the composite

EX—>ZXV---VZXMR,‘XH-XR,”.
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Call this . Clearly 05(ji, ji+1)gi,1 ¢ =* for 1 Si<n—1. By the homotopy lifting
property there exist ¢2: ZX — E,(jy, - - -, jn), 25k=n, such that ¢ lifts ¢{@,
and ¢~ ;.

Since 05(ji, ji+ 142192 =*, ¢ is seen to be a map

n-1
EX = E(us - - o Jm) X | | QR ji1) S Es(ns - - -5 Jn)
i=1
and hence is homotopic to a composite
n—1
EX>EX V-V EX = By, ) %] | QR jisn)
i=1

where the second map is ¢@|n,|- - |n,-1 With 7;: ZX — QR(ji, ji4+,). Call this
map ¢f”.

03(jis s 15 Ji42)0 20> is the “sum™ of two products. Each of these products
has as its factors two maps from XX which have the property that at each point of
Z X the image of at most one of them is different from *. Thus each product equals
* and 03(ji, Jiy 15 Ji+ 2)g2 29 =* for 1 £i<n—2. By the homotopy lifting property
there are maps ¢{>: ZX — E,(Jj1, . . ., jn) for k<3 such that ¢ covers ¢, and

(3)
P "~ Pr-

We continue in this manner until we define ¢{™=¢’. By construction

0,,(j1, . .,jn)(P, = *,

COROLLARY 3.11. Let f;: ZX — R, i=1,...,n, {f1,...,[fa) is the set consisting
of the zero element.

COROLLARY 3.12. Let
Qu: [X, Q" 2R(j1, . . ., j)] = [QX, Q" R, . - -5 Jn)]
be the loop map and let p: X — E,(j1, . . ., Ja) then QM (p)=0.

Proof. Let A\: ZQX — X be the adjoint of the identity on QX. Then A*M,(¢)
= M,(p))=0 by 3.1(2) and 3.11. Since Q, is the composite of A with the iso-
morphism

[ng, Qn-z-R(jla . ~>jn)] x [QX, Qn-lR(jl’ .. -9jn)]

the corollary follows.

CoROLLARY 3.13. QE,(j1, ..., ju)~IIQ* R, . . ., jis:) where the product is
taken over 0<t<k—2and 15i<n—t.

We note that since the projection

[X1% - %X Xy Q" 2R(j1s« s J)] = [A (X1 -+ o5 X3)s Q7 2R(jss - - -5 Ji)]
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is not induced by a map of topological spaces there does not exist a functorial
map to make the following diagram commute.

Q
[Xl X X Xm Q"‘2R(j1’ .. -,jn)] "'—*-> [Q(Xl XX Xn)a Qn-lR(jla .. -’jn)]

q

l , . Q, . .
A (X1s-ees X0)y Q7 2R(j1, . s )] —— [Q A (X1, .. 05 X0, Q¥ 1R(jsy - - -5 Ju)]
Thus although Q,60,=0 it is not true, in general, that Q,T,(¢)=0 for

@: Xy X oo x Xy = Ey(fa, - - -5 Jn)-

The essential point in the proof of 3.10 was that ¢, was defined using the diagonal
in 2 X and this can be factored through the one point union. Since this is not true
for T,, it is not true that T, vanishes in suspensions. On the contrary T, is of great
interest on spheres where it represents the stable Toda bracket.

We now study the stability properties of higher products. In what follows we
consider the suspension homomorphism,

Syt m(QX) = 7o (VEX),
to be induced by
Z(f)(t, $)A) = (1, f(5)NV)

where t € I, s € S™, A € I'. This is the composite
TV X) B 7y (X) = Ty 521(BX) R 71 (VZX).

Let Z be a ringed set and 2Z the associated ringed set defined in Example 6 of

§1.

Let E(ji .5 jn)s 0a(j1s---»Jn) and E(Z;,..., %), 0,(Zs,...,%;,) be the
universal examples and maps associated with R;,..., R;, and ZR;,...,ZR;,
respectively.

THEOREM 3.14. Let p: X1 X « -+ X X = Ey(j1s . . -, Jn) @ map of type (f1, .. ., [o)-
There exists a map

o(n’ n): {Xlx e X Xm En(jl’ .. ~9jn)}_>{2X1 X XZXm En(sz .. wzl.,)}

such that o(n, n)(¢) is of type (Xf1, . . ., Zfy) and Ty(o(n, n)(p)) =Z3T(p).
Proof. For each r, k, and i, 2<r=<k and 1 Zi<k—r—1 define
T(r’ ka l): {Xl XX Xka Qr—ZR(jb .. ~3jt+r—1)}
—>{ZX1X -+ xZXy, Q7 2ZR(ji - . -5 Jrar-1)}
by
(T(r’ k’ l)(¢))(t19 xl’ t29 xzs vy tk’ xk)(A) = (tb ceey tl+r—19 ll’(xla ceey xk)(A))



332 G. J. PORTER [April

where t,€l, x,€ X and )_«EI"2. A direct calculation shows that the following
diagram commutes.

(r, k, 1)
{Xix oo X Xi, Q7 2R(y .« oy Jrar-1)} ——> {ZX1 X+ - - XZ X, Q2R -« -, Jrar-1)}

1 : l

AKXy s Xiar-1), Q7 2RG, - Jir- 1} —{IA CXy o 2 X4 -1), 2 RG, - - -y Jiar-1)}

where the unlabeled arrows are projections.

Thus to prove the last assertion of the theorem it suffices to show that for
integers r and k, 2<r=k, there is a map o(r, k) such that the following diagram
commutes for each i, 1 Si<k—r—1.

. . o(r, k)
{(Xix oo X Xy EGay - - Jid} — > {BX1 X -+ XT X, ElZyy, ..., T )}
101(1.!9 .. -,jl+r-1)q{,r—1 ler(zus . ~yzl¢+y-1)q{.r—1
™(r, k, i)

{Xl XX Xka Q'_zR(jb . '9jl+r—1)} _—> {ZXI Xoeoe szk, Q'-QZ'R(]'!, .. 'yjlfr-l)}

If k=2 or r=2 the existence of o(r, k) and the commutativity of the above
diagram follow from the definition of .

We assume inductively that o(r, k) is defined so that the above diagram com-
mutes if k<n and if k=n and r<m.

Given ¢: X; x - - - x X, = E(ji, . . -, Jn) let

‘I'O: Xl XX Xn'_>Em—1(j1, .. -,jn),
Yt Xyx oo x Xy = PQ" 3Ry - .+ Ji4m-1)

for 1 <i<n—m+2 be the compositions of ¢ and the canonical projections. Let

Fm—1,n,0): {X1x -+ X X5y PQ" 3Rty . - > Jiom-1)}
—>{ZXyX e XTX,, PO 32" 1R(jiy « o5 Jivam—1)}
be defined similarly to 7.
For any spaces Uand Vlete: {U, PV} — {U, V} be evaluation at the “endpoint .
Then

m(m—1, n, i)(e(¥)) = e(7(m—1, n, D)%)
Define o(m, n)($) by (o(m, n)())o=o(m—1, n)() and
(0(m, n)(‘ﬁ))t = f(’n— 1, n, i)(‘/’i)’ 12isn—-m+2.

e((o(m, n)¥))) = e(#(m—1, n, i)($h))
= 1(m—1,n, l)(e('ﬁt))
= T(m_ 19 n, i)(om—l(jb . "ji+m-2)q:'.ln:12¢‘)
= am—l(zlp sy zl(+m+z)qr.'r;12o(m_ 1: n)('l’)
= m-—l(zh’ R Zlum_z)q:',‘n_ti2(o(m, ”)'/’)o

and thus o(m, n)(): TXy X - - - XZX, > Ex(Zy,, .. ., Z;,). It remains to show that
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the diagram commutes. To see this it suffices to consider the case m=n. Thus we
must show that the following diagram commutes.

: , a(n, n) :
{Xl XX X, En(]ls .. 'a]n)} - {EXI Xoen szm En(zln vy z],.)}

l&l(jh . -,jn) lon(zlp ey zjn)
7(n, n, 1) .
{Xl XX Xm Qn_zR(jl; .. -’jn)} —_— {zXl Xoewe szm Qn—2an(jl9 .. ':Jn)}
We check this for the “pth face” of 6,. Let #;: E; — E,_, be the projection.
Let h(Z,, ..., %,) be as in §2.

h(Zj,, . . ., Zy)o(n, m)(#)) = (o(p+1, n)(mp i amprs - Tt
= ‘?(P, n, 1)((7Tn+2' : '”n‘l’)l)
= 7-'(]7, n, 1)(h(]1, .. -ajp)'/’)'
Similarly
s Z o, XB) = 70—, 71, p+ Do -« - o)

A direct calculation using the definition of Z# shows

(#(p, 1, D)h(s - 5 W) (7 =P, 1, p+ D)1 - + -5 Ju)))
= 71, 1, )A(jss - - - ) hCpr s - - 5 Jud)-

Since this holds for each p we have
0n(Zsys - - 5 B )o(n, m)()) = 7(n, n, 1)(6a(js, - - -, Ju))-
This completes the proof of the theorem.

COROLLARY 3.15. In ZZ if {f1, ..., f.} is defined then
Z{fu, . oS} < Ef L B

Finally we study products involving higher products.

THEOREM 3.16. (a) Let ¢: X — E,(j1, - . ., j,) be a map of type (f1, . .., f,) and let
g: X — R,. There exist maps

P X = Ey(jr, - - -, (ns l)) and p: X — En((iajl): Jas s Jn)

of type (f1,....fn-8) and (g-f1, ..., f,) respectively. Moreover M,(p,)=M(¢)-g
and M,(;9)=g- M(p).

(b) Let ¢: Xy x -+ x Xy — Ey(jy, . - -, ju) be a map of type (fi,...,f,) and let
8 Y— R,. There exist maps ,: X;x -+ x A\ (Xp, ¥Y) = E,(ju, - . ., (ny 1)) and
oP: /\ (Ys Xl)x s X Xy — En((iajl)a .. -sjn)oftype(fl’ .. 'Q.I;lg)and(g.f;l’ .. -’fn)
respectively. Moreover T, (p,)=T.(p)-g and T,(,9)=g T(p). (We consider the
product to be from the smash product in (b).)

Proof. The proof consists of multiplying the given liftings on the left or on the
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right by g when they involve the first or last coordinate. The proof proceeds
inductively and is straightforward. We omit the details.

COROLLARY 3.17. Let f;: X— R; j=1,...,nand g: X — R, then
(a) <f1’ .. -sfn>'gc<f1, o -9fn'g>a
(b) g<f1’ .. "fn>c<g'f1’ .. -;fn>'
Letf;: X;,—~ R, j=1,...,nand g: Y — R, then
(C) {fla . '9ﬁ|}’gc{f1’ .. "fn’g},
@D g-{fi, .. fab={gfu . Suk

4. Chains for cohomology theories. Often in mathematics the motivation behind
a definition is obscured by the time the definition and the ensuing theory appear
in print. In this section we present the background which led us to formulate
the definitions given above. In so doing we give the relationship between our work
and that of Kraines.

In [3] Kraines defined higher Massey products in ordinary (singular) cohomology
Our original goal was to extend these definitions to other cohomology theories.
On “nice” categories cohomology theories are representable, i.e. given a coho-
mology theory s#™(X) there exists a spectrum, {Y,}, such that #"(X)=I[X, Y,]
for all n.

Thus cohomology classes correspond to homotopy classes of maps X — Y, and
the set of maps {X, Y,} can be thought of as the “cocycles” of #"(X). Now, two
cocycles are cohomologous if their difference is a coboundary. Similarly two maps
are homotopic if their difference is null-homotopic. Following this idea we define
the n-cochains to be the set of null-homotopies, {X, PY,,,}. The coboundary is
evaluation at the endpoint. Thus the set of cocycles is {X, QY,,,} which we
assume equal to {X, Y,}. Under the correct definition of “cycles mod boundaries”
we then have #(X)=[X, Y.l

Furthermore if {Y,} is a ringed spectrum, this operation can be used to define
the cup product of cochains. In this setting our definition of the higher Massey
product formally coincides with the definition given by Kraines.

For the sake of convenience we assume that the spectrum, #={Y,} has the
property that QY,,,=Y, for all n.

DErFINITION 4.1. CY(X, #)={X,PY,..}. 8: C*(X,¥)— C"*1(X, %) is induced
by the composite: PY, 15> Y,,1=QY,,,<PY,,, where e is evaluation at the
endpoint.

Clearly 82=x (the constant map). Set Z™(X, #)=ker 8 and #"(X, %)=1Im 8.
Z™(X, %) is therefore equal to {X, QY,,}={X, Y,}. Using the H-space structure
of QY,.1, Z™X, %) is a monoid with an operation corresponding to the additive
inverse.

DEFINITION 4.2. z, z' € Z™(X, %) are said to be equivalent, z~z’, if there exists
a sequence of cocycles z=z,,z,...,2z,=2z" such that z;—z;,_, € #(X, %) for
i=1,...,n
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DEerFINITION 4.3. HY (X, ¥)=2Z"™(X, ¥)|~.
One easily sees

ProrosITION 4.4. HY(X, %)=[X, Y,].

When constructing homotopy operations it is often useful to consider C*(X; %)
={X, PQ*Y,, .1} for k>0. To define the coboundary choose a relative homeo-
morphism, w: (I*~1, [*~1) — (I, L"). This induces w: {X, Q"~1 Y} —{X, PQ"~2Y}
given by

WX(tas - s troy) = fOW(ts, . . ., try)

8’ is then the composite

(X, PO 1Y) > (X, Qv 1Y) —os (X, PQP-2Y,)
where e is induced by restriction.
For fe{X, PQ""1Y,}, (f%...,f™ is a compatible set in {X, PQ"~2Y,} and
8f=w(t (- 1))
Now assume % ={Y,} is an associative ringed spectrum. As in §1 this pairing can
be extended to give a product on the “cochain” level. Since (f-g)!=f*-g for i<n
and (f-g)’=f-g’~" for j>n we have on a formal basis

(S ove)

n m+n
o((S o)) o3 o)
1 n+1l
(8f)-g+(=1)1(3'g).
Alifting  of X — R; x - - - x R, of type (uy, . .., u,) to E(jy, . . ., jn) is a choice

of null-homotopies in X, i.e. cochains. Let h(j,, .. ., j.) be as in §2. The set of null-
homotopies

&(f-8)

{hGi» - e | 1 =1 = k < nand (G k) # (1, n)}

corresponds formally to what Kraines calls “a defining system for the (cochain)
product <uy,. .., u,>” (Definition 1, p. 4310of [3]). Under this correspondence our
definition

Mn(‘P) = Z(_ 1)k+1(h(j19 .. -ajk)¢)’(h(jk+1’ .. "jn)‘P)

is formally the same as the definition given by Kraines.

5. Construction of the higher products—Homotopy associative case. The con-
struction of the universal higher product in §2 depended upon the fact that the
pairing of the ringed set was strictly associative. If the pairing is only homotopy
associative a different construction is necessary and, in fact, one may be unable to
to define higher products. Whereas in the associative case the construction con-
sisted of ‘gluing together’ (n—1) maps, the construction given in this section
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consists of ‘ gluing together’ 2"~'—1 maps. We present the outline of the general
procedure.

Stasheff, in his study of homotopy associativity of H-spaces [8], introduced the
notion of A4, forms and A4, spaces. These forms measure the degree of homotopy
associativity of an H space, G, and are the obstructions to constructing a classi-
fying space for G. The notion of 4, forms carry over to ringed sets mutatis mutandis.
We recall some details.

The spaces K,, n=2 on which the A, forms are defined are constructed as
follows. Consider a word with i letters, x, - - - x;. Corresponding to each nontrivial
insertion of parentheses (in this word) there is a cell on the boundary of K. If the
parentheses enclose x;- - - X, .-, we regard the cell as a homeomorph of K, x K;
(r+s=i+1) under a map which is called 9,(r, s). Two such cells intersect only on
their boundary and the cells of the intersection correspond to the insertion of a
second pair of parentheses. Start with K,=x*. Given K,,..., K;_, construct the
boundary of K; by fitting together copies of K, x K; as indicated above. Set K;
equal to the cone on the boundary.

PROPOSITION 5.1 (STASHEFF). K~ 1'~2.
DEFINITION 5.2. A ringed set #Z admits an A4, structure if there are maps
Mi: KnghX s XRj"—>R(j1,. . "ji)

for 2<i=<n and all distinguished i-tuples (J, . . ., j;) such that
(1) My=p: *x R;x R; — R(i, j).
(2) ForpeK,, 0K (r+s=i+1)

M(r, 5)(p, @), X1, . . ., X))
= r(P’ xl’ ey xk—l, Ms(a’ xka L] xk+s—1)’ xk+sa ceey x£)~

Such a system of maps is called an 4, form on Z. A ringed set together with an 4,
form is called an A, ringed set.
An Aj ringed set is a ringed set Z={R;, pu} together with a homotopy

Ms: p(px1) ~ p(1 xp).

If #Z is an A, ringed set, n-fold products may be defined.

The universal examples E,(jy, ..., j,) are defined as in §2. The change here is
in the definition of 8,(jy, . . ., j,). We first construct model spaces W; such that the
set of maps f: W, — R under the compact open topology is our model for Q/~2R.

Let x,- - - x, be a word with n letters. Corresponding to each nontrivial partition
of x,- - -x, there is a cell on the boundary of W,. In particular if x, - - - x, is parti-
tioned into ¢ parts with #; letters in the ith part, the corresponding cell is a homeo-
morph of K;x W, x --- x W, under a map o(ry, ..., ry).

The cells on the boundary of K, x W,, x - - - x W,, correspond to two operations
on the partition of x; - - - x,.
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(a) a nontrivial insertion of parentheses subject to the condition that the paren-
theses may not further subdivide any part, and
(b) further subdivision of a given part with the subdivided part contained in
parentheses.
EXAMPLE. X;|XxoXxgX,|x5|x6X7.
Cells of type (a).
(61| x2X3%x4)| X5 | X6X7
x1|(x2x3x4|x5)|xex7
x1|x2x3x4|(x5|xsx7)
(1] X2X3%4| X5)| X7
x1|(x2xax4|x5|xex7)
Cells of type (b).
x| (2| x3%4) | X5| X6 X7
X1 |(x2x3]x4)| X5 | X6X7
x1|(xa|x3|x4)| x5 | X7
X1|XaXaX 4| X5 | (x| X7).

The cell of type (a) correspond to the cells contained in Kyx W, x - -+ x W,
while the cells of type (b) are contained in U K;x Wy, X - X W, x -+ x W,,
Two cells in the boundary of W, meet only on their boundaries. Here two cells
are identified if their related words (with partitions and parentheses) agree.

Explicitly, we identify

a("19 cees rm+n)(6i(ma n)(a'a P)y X1y e s Xman)
with

Oy oo s ity Ry Finy oo oy Py )0, X1y ooy Xi_q,
s+ o5 Pigns1)(Ps X5+ s Xign—1)s Xikms + - 5 Xman)
where R=>4t1-1r,

Start with W, =x. Given W, ..., W,_, construct the boundary of W, by fitting
together homeomorphs of K, x W, x - -+ x W,, as indicated above. Set W, equal
to the cone of the boundary.

We assert that W, xI"~1. We have checked this for n<5. To verify this for all n
one must construct a model for W,. Since there are 2"~ —1 cells in the boundary,
each of which is itself complicated this is a nontrivial combinatorial problem. We
indicate below the construction for n<4. (See figure on following page.)

Define On(jl’ .. -,jn): En(jls .. "jn) - (R(]l’ .. -ajn))w" by

on(jl’ . -sjn)(x) a(rl’ ey rt)(k’ L4 DRI at)
= Mt(k’ h(jl, ‘e sjrl)(x)(ol), sy h(jn—rg+ 1y - - °sjn)(x)(ol))

where (k, 0y,...,0) € Kkx W, x - - xW,, and h(j,...,j;) is as in §2 and we
understand A(j,)(x)(*) =h(j)(x).
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W,
X%
W,
X1 |x2|x3
X1|X2X3 X1X2|X3
Ws
/x1|x2x3x4 /x1|x2|x3x4 /I
x1X2|X3X4
xlIX2X3IX4 x1|x2|x3|x4
X1x2|x3|x4
XIX2x3|X4
Q)

The verification that 6, is well defined is straightforward and follows from the
definition of the A, forms and the construction of the W,’s.

M (9), To(®), {f15 - - o> o> {f15 - - -» fn} are defined exactly as in §2.
Theorems 3.1, 3.6, 3.7, 3.9, and 3.10 carry over to this case with no difficulty.

The definitions of morphism of ringed sets and linearity must be changed to
appropriate definitions in the category of 4, ringed sets. Under these new definitions
Theorems 3.2, 3.4, and 3.14 hold. We leave the details to the reader.

6. Higher commutator products. Since the commutator product
L 1: QXx QX — QX

is neither associative nor homotopy associative, the constructions of §§2 and 3 are

(®) All hidden faces are identified to * the base point.
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not applicable. In this section we construct higher commutator products in loop
spaces. The methods used here are a continuation of those used in the earlier parts
of this paper. A different approach is taken by Williams [10].

Set Q"Y={f:I"*1 > Y}, QY={f: (I, 1) - (Y, %)} and PQ"Y={f: I"** — Y}.
We recall that the commutator, <1, 1>: QX x QX — QX is defined by

L DUy, L), t) = L(t) if 1, =0,1,
= [2([2) lf tl = 0, 1.

Throughout this section we shall use many copies of Q’X. To distinguish
between them we shall index them, e.g. Q'X(k, ..., k;). It will be clear from the
context which copy is referred to. 6,(i,j): QX(i) x QX(j) - QX(i,j) is the
commutator, {1, 1>, defined above.

Set E3(X)=0X(1)x---xQX(n) and let q(i, j): EA(X) — QX (@) x QX(j) be
the projection. We assume inductively that E{(X), j<k is defined for k <n and for
Jj<m when k=n, and 6;: Ei(X) — Q/~'X is defined for j<n such that:

(a) For each j-tuple (iy,...,i), 1Sij<---<i;=k there is a projection
q(iy, - . ., i;): E(X) — E)(X) for all j and k for which E{(X) is defined.

(b) Ei(X) is the fibre space induced from the canonical path fibration by

Hej_lq(il, ey i]—l): E){:_l —> HQ"2X(i1, ey ij—l)
where the product runs over all (j— 1)-tuples, (i, . . ., i;-,), such that
lsih<---<ij, 5k

(©) For j<n, 0,(x)ty,...,t;)=h/1,...,4...,j) if ,=0,1 where, for j>1,
h(iy, ..., 0) EX(X) — PQI"2X(iy, . .., ;) is the composite of projections,

ENX)—>Ef > - - > E*YX) > P 2X(iy, ..., Iy

and h(i,) is the composite, EX(X) — - - - — E¥X) — QX(i)).
DEFINITION 6.1. (a) Ef(X) is the fibre space induced from the canonical path
fibration by
0,190, ..., in-1): EF"HX) > Q™2X(iy, ..., in_1)

where the product runs over all (m— 1)-tuples, (i, . . ., i _), such that

1

I\

i1<--~<i,,,_1§n.

(b) The projections, q(iy, . . ., in): EM(X) — E™(X), are induced by the obvious
projections from the cartesian product.
(c) The universal n-fold commutator, 8,: E}N(X) — Q"~1X, is defined by

0(X)(t1s .. s ty) = (L, o By, XNty e s By oy 1)
for t,=0, 1.
One easily verifies that this defines a map EX(X) — Q"~'X. Extend the above
notation and let E7*(X) denote the fibre space induced from EZ(X) by 4,.
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Following the notation of [5]let T(X7, . . ., X,) be the subspace of X; x - - - x X,
consisting of those n-tuples with at least / coordinates at base points. T, is the
cartesian product, T; is the “fat” wedge and T,_,(X;, ..., X,) is the one point
union. If X;=X,=---=X,=X we denote T}(X, ..., X,) by T*(X).

Let (I")® be the i skeleton of I and set p: I" — T$(S') equal to the quotient
map obtained by identifying opposite faces. Clearly p((/")®)=T7_(S").

THEOREM 6.2. () Ei(X)=XTr-i+ 1S,

(b) 6,: EX(X)— Q" 1X is the map induced by p|I" under the identifications of
part (a).

Proof. (a) We show that there is a 1-1 correspondence between the points of
Ei(X) and maps T7_;,,(S*) — X. We leave the study of the point set topology to
the reader.

For all n=2, EA(X)=(QX)" and X7r-1Y = XS'V---vS* Each of these is in 1-1
correspondence with the set of n-tuples (f3,...,f,), where fi: S — X. 6, € QX
is the composite,

Silfe

P sy s X.

We assume inductively that the theorem is true for E} when either j<n or when
j=n and i<k. Thus we must show EX(X)= XTa-k+16Y,

E¥(X) is the subset of E¥-1x IPQ¥-2X(iy,..., i _,) consisting of ((,*,)+1)-
tuples (@, IIn(iy, ..., ik-;)) where the product is taken over all 1=5i;<---<
i,_1<nand

Ny« ooy b= )71 = O_1q(i, . . ., Be—1)(@).

By induction ¢ corresponds to a map ¢: Tr_;,2(S?) — X and hence
¢p: (IM*~2 — X.

For 15i,<-+-<ix_1Sn, p~}(Six--- xSk _,) consists of the 2"~ *¥*! (k—1)
faces of I™ on which the coordinates in the (iy, ..., i,-;) plane vary and the re-
mainder are constant (0 or 1). We let ; x --- x I, _, represent these faces. An
extension of ¢ to S§ x - - xSk _,<=Tw_,,1(S*) is given by an extension of gp to
I,

(X -+ xI, _.. Such a map extends

‘f’PIa(Itl Xoeer XIf,,_l) = 0,q(is, . . ., i-1)(®)

and is given by 7(iy, . . ., i_1) e PQ*"2X(iy, . . ., i, -,). Conversely, an extension of
@ to S§ x -+ - xSt _, determines

N, -« o5 B—1) € PQF2X (i, . . .y di_1)
which restricted to 1*~1 is 6,q(is, . . ., ix_1)(¢). This is true for each (k—1)-tuple

(i, - .., ix—1). Hence maps T?_,,,(S*) — X are in 1-1 correspondence with the
points of EX(X).
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Furthermore under this correspondence 6,(p) is the composite

sy P x
and part (b) follows. A proof similar to the above establishes the theorem when
k=n+1.
COROLLARY 6.3. 8, is null homotopic if and only if the fibration,
i#e XToSYH 5 Y TISH
has a cross-section. (i: T{(S*) — T§(S?) is inclusion.)
THEOREM 6.4. If X is an H-space, 0, is null-homotopic.
Proof. We construct a map
s XTISYH . YTHSY
such that i#s~ 1. s is defined to be the following composite
XTISH 5 (QEX)PETICN s (QT X)OETHSH s (QE X)TEEH 5 X THED

where the first map is induced by the functor QZ, the second is induced by Qr
where r is a retraction ZT3(S!) — ZT7(S!), the next map is induced by the adjoint
of the identity T§(S?) — QXTZ(S?), and the last map is induced by a map
QXX — X such that X — QXX — X is homotopic to the identity. Such a map
exists since X is an H-space. The proof that i#s~1 is routine (see the proof of
Theorem 2.5 in [5]).

Using the universal commutator we now define the analogues of the Massey
and Toda products.

DEFINITION 6.5. Given ¢: Y — E}(X) define the n-fold commutator, C,(¢)
=@*[0,]1€ [Y, Q"1 X]. We say ¢ is of type (f1,...,[,) if ¢ covers

(fix - xf)A": Y — (QX)"
(A" is the diagonal.) The set of commutators of type (fi, ..., f,) is defined by
Cf1s- -2 Ju) = {Culp) | @ is of type (f1,. .., fa)}-

These are the commutators arising from the group structure of [Y, QX].
PROPOSITION 6.6. If X is an H space or Y is a suspension then C,(p)=0.

Proof. If Y=XY' and ¢: Y — E¥X), there is an adjoint ¢: Y’ — EX(QX)
such that the adjoint of C,(¢) is

Cu@) e [Y', QQX)].

This reduces the problem to that of the range space being the loop space of an
H-space. The proposition is then a corollary to Theorem 6.4.
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To define the higher Samelson products we again need the notion of a special
map.

DEFINITION 6.7. ¢: Yy X ---x Y, — E¥X) is special if for each k-tuple
(i, ..., 0), 1S <- -+ <ip,=<nand k <n, there is a map

‘P(i],’ “ ey lk): Y;l X oo X Y'lk__>E5+1(X)
such that the following diagram commutes.

le'--xY,,—L——>E,':(X)

Y‘X"'XY‘,‘ hoiys - - -y i)

1

q’(ila ey Ik)

E,’L‘+1(X) —->PQk_1X(i1, ey ik)

where the unlabeled maps are canonical projections.
DEFINITION 6.8. Given a special map ¢: Y; x --- x Y, — E*X) define S,(p)
the n-fold Samelson product by

Su(@) = q(@*[0.) € [A (Y4,..., Y,), Q""1X]

where ¢ is the projection onto a direct summand as in Definition 2.5. We say ¢
is of type (f1, ..., fa) if @ covers

(fix o xfo): Yix---x Y, —(QX)"
The set of n-fold Samelson products of type (fi, ..., f,) is defined by

<f;l’ .- ’f;l> = {Su((P) | P is special of type (fl, .. "fn)}°

PROPOSITION 6.9. If X is an H-space, S,(p)=0.

Proof. Theorem 6.4.
The following naturality properties are easily proven.

THEOREM 6.10. (a) If g: W — Y, C.(eg)=8*C.(p).

(b) g*cn(fla o 'sf;l)ccn(flg’ .- "f;lg)°
(C) If843 n’i_> Yb i=1,-- - n,

(A (81 - -5 8u))*S(@) = Su(@(81% - -+ X ga))-

(d) (/\ (gla LS | gn))*<f;ls . .,f,.>C<fg1, .. -’fgn>'
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THEOREM 6.11. Let : X — U. ¢ induces EXJ): ENX) — EXNU) such that the
following diagram commutes for all n.

6,
ENX) — s Qr1X

lE:(x/J) lﬂ"“(t/')
EXU) LIy

Given f: QX — QU it does not necessarily induce a map EXX)— EXU)
with the above properties. If f(xy)~f(x)f(»), f induces a map EZ(X)— EZU)
such that the above diagram homotopy commutes but may not induce a map
E3(X)— E3}(U). We define the commutative degree of f by setting cd (f)>n if
there is an induced map EX(X)— EX(U) such that the diagram given above
homotopy commutes. Theorem 6.11 can then be restated as cd (Qf)=o0o0.

Consider Q(Yy, ..., Y)=U}-; CYix - - x¥;x ... xCY, contained in
CY,x---xCY, where CY is the cone on Y. Q(Y,,..., Y,) is a model for

-t A (Y, ..., Vo).
Let
wi Q(Yl"“, Y,,)—)T]_(EY]_,...,ZYn)

be the map which identifies Y;=CY; to a point for all i. Given
[+ Tl(zYl, .. .,ZY,‘)—> X,

ex[wl=W(p) is the nth order Whitehead product studied in [5].
The adjoint map, «,_,: {Z" 14, B} - {4, Q" 1B} is defined by (e,_())(@)(})
=f(A, a) for Ae I

THEOREM 6.12. There is a 1-1 correspondence between special maps,
p: Yy x - xY,—»>ENX) and maps ¢:T\(ZYy, ..., 2Y,) —> X such that
(- 1) W () = Sa(9).

Proof. By Theorem 6.3 and adjointness there is a 1-1 correspondence between
maps ¢: Yyx---x Y, —>EXX) and maps ¢: Yix - - x YV, xTHSH)— X. ¢
determines a map T,(ZYy,...,2Y,) — X if and only if ¢ is special. Thus the first
part of the theorem is proven.

To prove the last assertion of the theorem let ¢: Yy x -+ X ¥, — EXX) be
special and let : T,(2Y;,...,2Y,) — X be the map corresponding to ¢.

U s W)t Y15 - - s Tns Ya) = na(W)(t15 Y15 - - s Ens Vn)
=@V Yty - o5 1)
= on((P(yla .. -9yn))(t1’ cees tn)
= Sa(@(V1s -+ o> V)1, « - o5 1)

We conclude this section by discussing several notions of higher commutativity
of a loop space. We first recall that the Whitehead product order of X, WP (X),
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was defined in [6] to be the largest integer » such that all (n—1)-fold generalized
Whitehead products were zero in the homotopy of X. We can also define wp (X)
to be the least integer n, such that there are maps f;: ZY; — X, i=1, ..., n, which
have the property that there is no map XY, x - -- xZY, — X of type (f1, ..., /n)-
If [f1, ..., fn]is the set of Whitehead products, W(g), where ¢ is of type (f1, . . ., f2),
then WP (X)=n if and only if [f1,...,f,_1]1=0 for all (f3,...,f,_1) and there is
¢: T1(ZYy,...,2Y,)— X such that W(p)#0. wp (X)=n if 0 [fy,...,[.-1] for
all [f1,...,f,-1] and there are g,, ..., g, such that 0 ¢ [gy, ..., g.].

wp (X)=WP (X) if wp (X) <4. We do not know if this is true in general(*).

Let A: 2QX — X be the adjoint of the identity.

PROPOSITION 6.13. wp (X)=n if and only if 0€[A,...,A] (n—1) times and
0¢I[A, ..., Al ntimes.

Proof. Given f: £Y — X there is f: £Y — ZQX such that Af=f. Thus if there
exists a map ¢: (ZQX)"~! — X of type (A"~ 1, ¢(fy x - - - xf—1) is a map of type
(fl, .. 'afn—l)'

DEFINITION 6.14. Define integers SC (X), sc (X), WC (X) and wc (X) by

(a) SC (X) is the least integer n such that 6, is essential.

(b) sc (X) is the least integer n such that there exists g: ¥y x - - - X ¥, — E*X)
for some Y, ..., Y, with the property that g(¢*[8,]1) #0. (Note that ¢ need not be
special.)

(¢) WC (X) is the least integer n such that there is a special map

p: Yyx---x Y, — EYX)
for some spaces Yi, ..., Y, with the property that S,(¢)#0.

(d) wc (X) is the least integer n such that there are maps f, ..., f, with the
property that 0 ¢ {fi, ..., fo>.

PROPOSITION 6.15. If X is an H-space

SC (X) = sc(X) = we(X) = WC (X) = .

PROPOSITION 6.16. SC (X) <sc (X)=WC (X)=wc (X).

PROPOSITION 6.17. WC (X)=WP (X); wc (X)=wp (X)(*).

It follows from Proposition 6.13 that wc(X)=n if there are liftings ¢;: (QX)
— EJ*}(X) of type (1, ...,1) for j<n but not for j=n. These liftings are given by
maps ¢;: (QX) — PQ~'X and hence by maps ¢,: (QXYxI' - X, j=2,...,
n—1. It seems likely that these maps are essentially the maps Q,: (QX)xI'~! - QX
used by Williams [10] to define C, forms.
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